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Abstract
We consider the set of points chosen randomly, independently and uniformly in the
d-dimensional spherical layer. A set of points is called 1-convex if all its points are
vertices of the convex hull of this set. In [3] an estimate for the cardinality of the set of
points for which this set is 1-convex with probability close to 1 was obtained. In this
paper we obtain an improved estimate.
1 Introduction
Following [2] we call a finite set of points {Y1, . . . , Yk} ⊂ Rd 1-convex if the set of
vertices of the convex hull conv(Y1, . . . , Yk) coincides with {Y1, . . . , Yk}.
Let Bd = {x ∈ Rd : |x| ≤ 1} be the d -dimensional unit ball with center at
the origin and rBd be the d-dimensional ball of radius r with center at the origin.
Let Bd \ rBd be the spherical layer and choose points Mn = {X1, . . . ,Xn} ⊂ Bd \ rBd
randomly, independently and according to the uniform distribution on Bd\rBd. Uniform
distribution means that the probability of choosing a random point X from some S ⊆
Bd \ rBd is proportional to the d-dimensional volume of S namely
P (X ∈ S) = Vol(S)
Vol(Bd \ rBd)
.
Denote by An the event that the set Mn is 1-convex.
In the recent paper [3] it is shown that for all values 0 < r < 1, 0 < α < 1,
n <
(
r√
1− r2
)d
√
1 +
2α(1 − r2)d/2
r2d
− 1

 (1)
the inequality P (An) > 1− α holds.
2 Main result
The following theorem gives an improved estimate for the number of points n guar-
anteeing the 1-convexity of a random n-element set of points with probability at least
1− α. The proof uses an approach used in [2].
1
Theorem 1 Let 0 ≤ r < 1, 0 < α < 1, n <
√
α2d(1− rd). Then P (An) > 1− α.
Proof. Denote the event that Xi /∈ conv(Mn \ {Xi}) by Ci (i = 1, . . . , n). Clearly
An = C1∩ . . .∩Cn and P (An) = P (C1∩ . . .∩Cn) = 1−P (C1∪ . . .∪Cn) ≥ 1−
n∑
i=1
P (Ci).
Let us find the upper bound for the probability of the event Ci. This event means the
pointXi belong to the convex hull of the remaining points, that isXi ∈ conv(Mn\{Xi}).
Since points in Mn have the uniform distribution, the probability of Ci is equal to
P (Ci) =
Vol(conv(Mn \ {Xi})) −Vol(conv(Mn \ {Xi}) ∩ rBd)
Vol(Bd)−Vol(rBd)
for i = 1, . . . , n.
Hence
P (Ci) ≤ Vol(conv(Mn \ {Xi}))
γd(1− rd)
,
where Vol(rBd) = γdr
d is the volume of a ball of radius r.
It remains to estimate Vol(conv(Mn \ {Xi})). Let
V (k, d) = sup{Vol(conv(Y1, . . . , Yk)) : Y1, . . . , Yk ∈ Bd}
and
Vr(k, d) = sup{Vol(conv(Y1, . . . , Yk)) : Y1, . . . , Yk ∈ Bd \ rBd}.
Clearly, Vr(k, d) ≤ V (k, d) for 0 < r < 1. It is known (see e.g. [1]) that
V (k, d) ≤ kγd
2d
.
Since
Vol(conv(Mn \ {Xi})) ≤ Vr(n− 1, d) ≤ V (n− 1, d) ≤ (n − 1)γd
2d
then
P (Ci) ≤ n− 1
2d(1− rd) (i = 1, . . . , n).
Hence
P (An) ≥ 1−
n∑
i=1
P (Ci) ≥ 1− n(n− 1)
2d(1− rd) ≥ 1−
n2
2d(1− rd) .
Thus if n satisfies the condition n
2
2d(1−rd) < α, i.e. n <
√
α2d(1− rd), then the inequality
P (An) > 1− α holds. The theorem is proved.
Let us compare the obtained bound n <
√
α2d(1− rd) with the bound (1) proposed
in [3].
Statement 1 Let g =
(
r√
1−r2
)d (√
1 + 2α(1−r
2)d/2
r2d
− 1
)
, 0 < r < 1, 0 < α < 1,
d ∈ N. If r and α are fixed then the following asymptotic estimates hold:
1. g ∼ α
rd
, if
√√
5−1
2 < r < 1.
2. g ∼ 2α
rd(
√
1+2α+1)
=
√
1+2α−1
rd
= (
√
1 + 2α− 1)(
√
5+1
2 )
d/2, if r =
√√
5−1
2 .
2
3. g ∼
√
2α
(1−r2)d/4 , if 0 < r <
√√
5−1
2 .
Proof. We have
g =
(
r√
1−r2
)d 2α(1−r2)d/2
r2d√
1 + 2α(1−r
2)d/2
r2d
+ 1
=
2α
rd
(√
1 + 2α
(√
1−r2
r2
)d
+ 1
) .
If 0 <
√
1−r2
r2 < 1 then g ∼ αrd .
If
√
1−r2
r2 = 1 then g ∼ 2αrd(√1+2α+1) =
√
1+2α−1
rd
.
If
√
1−r2
r2 > 1 then g ∼ 2α
rd
√
2α
(√
1−r2
r2
)d =
√
2α
(1−r2)d/4 .
The equality
√
1−r2
r2
= 1 holds if r4 + r2 − 1 = 0, that is r2 =
√
5−1
2 , r =
√√
5−1
2 .
The inequality 0 <
√
1−r2
r2 < 1 holds if r
4 + r2 − 1 > 0, that is for
√√
5−1
2 < r < 1. The
inequality
√
1−r2
r2 > 1 holds if r
4+r2−1 < 0, that is for 0 < r <
√√
5−1
2 . The statement
is proved.
Corollary 1 Let f =
√
α2d(1− rd), g =
(
r√
1−r2
)d (√
1 + 2α(1−r
2)d/2
r2d
− 1
)
, 0 < r <
1, 0 < α < 1, d ∈ N. If r and α are fixed then the following asymptotic estimates of the
quotient fg hold:
1. fg ∼ 1√α(r
√
2)d →∞, if
√√
5−1
2 < r < 1.
2. fg ∼
√
1+2α+1
2
√
α
(
√
5− 1) d2 →∞, if r =
√√
5−1
2 .
3. fg ∼ 1√2(2
√
1− r2)d/2 →∞, if 0 < r <
√√
5−1
2 .
Proof. Obviously f ∼
√
α2d for 0 ≤ r < 1.
If
√√
5−1
2 < r < 1, then
f
g ∼
√
α2d
α/rd
= 1√
α
(r
√
2)d →∞ for d→∞, since r√2 > 1 for
r >
√√
5−1
2 .
If r =
√√
5−1
2 , then
f
g ∼ r
d(
√
1+2α+1)
√
α2d
2α =
√
1+2α+1
2
√
α
(r
√
2)d =
√
1+2α+1
2
√
α
(
√
5−1) d2 →
∞ for d→∞.
If 0 < r <
√√
5−1
2 , then
f
g ∼
√
α2d(1−r2)d/4√
2α
= 1√
2
(2
√
1− r2)d/2 → ∞ for d → ∞,
since 2
√
1− r2 > 1 for 0 < r <
√√
5−1
2 . The corollary is proved.
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